In the paper possible approximation of solutions to initial value problems stated for fractional nonlinear equations with sequential derivatives of Caputo type is presented. 
Introduction
In recent years there has been a growing interest in the theory and applications of fractional differential and difference equations. Many authors prove that such types of equations are more adequate for modelling physical and chemical processes than integer-order equations. Fractional differential and difference equations describe many phenomena arising in engineering, physics, economics, and science. In fact, one can find several applications in viscoelasticity, electrochemistry, electromagnetic, etc. For example, Machado [1] gave a novel method for the design of fractional order digital controllers. For that, investigations concerning solving methods, both analytical and numerical, are important in applied and pure mathematics.
In the paper we consider the possible approximation of nonlinear sequential fractional differential equations, where operators are of Caputo types. Firstly, the idea of a sequential fractional derivative was stated in [5, 6] . Recently equations with sequential operators were investigated, e.g. in [8] [9] [10] . Third-order equations arise in a variety of problems ranging from the study of regularization of the Cauchy problem for one-dimensional hyperbolic laws [11] , to nano boundary layer flows [12] , or to describe the evolution of physical phenomena in fluctuating environments [13] . Examples include many famous equations in mathematical physics, such as the Kortewerg-de Vries equation [7] .
There exist definitions of sequential operators with different types of derivatives like Caputo type, RiemannLiouville type, and Hadamard type, see for example [5, 6, [14] [15] [16] . Meaningful, are also works considering sequential -difference equations, see for example [19] .
There is some important demand to investigate the area of possible approximations of continuous fractional operators via fractional differences. The strong tools showing how we can numerically handle problems with RiemannLiouville type and Caputo type differential equations are developed in [17] . About numerical methods for sequential fractional equations for Caputo type operators, the authors find some results in [18] . However we present here another method based on definition of Caputo type -difference operator defined in [20] . The paper is organized as follows. In the next section we recall all necessary definitions and properties of fractional derivatives and -differences. We then present our results for systems with sequential fractional differences, these results come from [21] . Section 4 contains the main proposition of the approximation of values of Caputo type continuous operator by the limit of values of -difference operators with tending to zero. In the end we present examples that illustrate the accuracy of approximations of solutions to fractional initial value problems with one derivative of order α = 0 5 and sequential derivative of orders α = β = 0 5. Both given examples are defined for the linear case where the exact solution for continuous case is known as the formula of the Mittag-Leffler function.
Preliminaries
The three most frequently used definitions for the general fractional differintegrals are the Riemann-Liouville, Grünwald-Letnikov, and Caputo derivatives, see for example [6] . In the paper, we stress the case with the Caputo type derivative. We mention another two definitions to use their properties, and some important facts based on the book of Podlubny [6] . Our considerations are led for fractional orders from the interval (0 1]. The RiemannLiouville derivative of order α is given by 
Since the second term in (1) defines the Caputo derivative,
Both the Riemann-Liouville and Caputo derivatives possess neither semigroup nor commutative property, i.e. in general:
To reduce the order of fractional differential equations, sequential derivatives were introduced by Miller and Ross [5] . In this paper we discuss only sequential derivatives composed of two orders α β ∈ (0 1] for convention of Caputo derivatives. We then propose the approximation of the solution to the following type of the initial value problem with sequential Caputo fractional derivatives with orders α β ∈ (0 1]:
Since we show an approximation of fractional Caputo type derivative via fractional -difference of appropriate type, we present in the sequel some preliminary definitions and properties of fractional -sums and differences. 
Definition 1.
[23] For a function ∈ ( N) the forward -difference operator is defined as The next definition comes from [24] .
Definition 2.
For arbitrary α ∈ R the -factorial function is defined by
where ∈ Z − := {−1 −2 −3 }, and we use the convention that division at a pole yields zero.
Notice that if we use the general binomial coefficient : (6) can be rewritten as
We need also two technical properties, which we recognized for example in [6] :
Proposition 3. 
Remark 6.
Note that ∆
Accordingly, to the definition of the -factorial function, formula (7) can be rewritten as:
Remark 7.
In [25] one can find the following form of the fractional -sum of order α > 0:
that can be useful in implementation.
Definition of the Caputo -difference operator was stated by the authors in [20] .
Definition 8.
Let In our consideration, the crucial role is played by the power rule formula presented in [23] , i.e.
where
+α . Note that using the general binomial coefficient one can write (8) 
Remark 11.
It is worthy to notice that:
(c) ( ) = Γ( − +1+ α+ β) Γ( α+ β+1)Γ( − +1) and as the division by pole gives zero, the formula works also for < ∈ N;
We also need the property presented in the following proposition. The proof of it is given in [21] .
Proposition 12.
Let α β ∈ (0 1] > 0 and = (α − 1)
The property of the composition of -sums was proved in [20] .
Proposition 13.
Let be a real valued function defined on ( N) , where ∈ R > 0. For α β > 0 the following equalities hold:
The next proposition gives a useful identity for transforming Caputo fractional difference equations into fractional summations, for the case when an order is from the interval (0 1].
Proposition 14.
( [20] ) Let α ∈ (0 1], > 0, = (α − 1) and be a real valued function defined on ( N) . The following formula holds
Systems with sequential fractional differences
The idea of a system of sequential operators was presented in [21] . 
Proposition 15.
( [21] ) The solution to the system 
Proposition 16.
( [21] ) The solution to the system
Approximations of continuous operators
In this section, firstly, we present results on an approximation of the fractional Caputo derivative by fractionaldifference of Caputo type. Then we state the continuoustime fractional initial value problem with a continuous sequential operator, and present the discrete-time fractional initial value problem with sequential -difference, whose solution approximates the solution of continuous systems. Proof. Using directly the definition of fractional Caputo type difference we get
Proposition 17.
Then (11) 
The next propositions are the direct consequence of Proposition 17.
Proposition 18.
The solution of system 
Example 20.
There is known, see for example [5] , the exact formula for the solution to the following linear initial value problem: 
